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703. 


ON THE ADDITION OF THE DOUBLE 38-FUNCTIONS. 


[From the Journal fiir die reine und angewandte Mathematik (Crelle), t. LXxxvutt. (1879), 
pp. 74—81.] 
I ASSUME in general 
©=a—0.b—0.c—0.d—0.e—0.f—90, 
and I consider the variables a, y, z, w, p, q, connected by the equations 
e See oe noe Ca E 
a, Y» Z, erg 
a, Y’, 2", FF, ‘8, q 
a, y’, 2, wf, «“Y, g 
VX, VY, vZ, VW, VP, VQ 
equivalent to two independent equations, which in fact serve to determine p, q, or say 
the symmetrical functions p +q and pq, in terms of æ, y, z, w 
These equations, it is well known, constitute a particular integral of the differential 


equations 
L NR OA Pah no 
VX VY VZ VW VQ.’ 
ada ydy zdz wdw pdp qdq 

s A Aar A E AE T: DG 


or what is the same thing, regarding p, q as arbitrary constants, they constitute the 
general integral of the differential equations 


dz 4 U dz — dw 
— = 0, 
VX V¥' Va VW 


ada „ydy zdz wdw 


"m es a a A 
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I attach the numbers 1, 2, 3, 4, 5, 6 to the variables æ, y, z, w, p, q, respectively : 
and write 


Ay =Va—a@.a—y; Ay=Va—z.a—w; Ay=Va—p.a—q; 


(six equations), 


ABy= =~, Wa=a.b=a.f—a.0-y.d-y.e-y—Na-y.b—y f—y.0—2.d— #08}; ete. 


(ten equations), 


where it is to be borne in mind that AB is an abbreviation for ABF.CDE, and 
so in other cases, the letter F belonging always to the expressed duad: there are 
thus in all the sixteen functions A, B, C, D, E, F. AB, AC, AD, AE, BC, BD, 
BE, CD, CE, DE, these being functions of # and y, of z and w, and of p and q, 
according as the suffix is 12, 34, or 56. 


It is to be shown that the 16 functions As», AB, of p and q can be by means 
of the given equations expressed as proportional to rational and integral functions of 
the 16 functions An, AB,, Ay, AB, of æ and y, and of z and w respectively: and 
it is clear that in so expressing them we have in effect the solution of the problem 
of the addition of the double $-functions. 


I use when convenient the abbreviated notations 
a&a— =a, A—Y=a, etc, 
b-—w=b, ete, 
s=% y, Oy=2-w, Og=p—-q; 
X = abade h, 
Ay, = Varies, 


we have of course 


qh BO BUCS > DE ee 
AB, = Or» (Va, bit codecs T” Vasbafzcıd;e:}, etc. 


Proceeding to the investigation, the equations between the- variables are obviously 
those obtained by the elimination of the arbitrary multipliers a, 8, y, &, e from the 
six equations obtained from 


al? + BO? + y0 +8 = eO, 


by writing therein for @ the values æ, y, z, w, p, q successively; we may consider 
the four equations 


aa +B +ye +8=eVX, 
ay? + By + yy +8=eV¥, 
az? + B22 +yz +8=eVZ, 
aw? + Bu?+ywt+d=erV W, 
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as serving to determine the ratios a: 8: y: 6: e€ in terms of a, y, z, w; and we 
have then for the determination of p, q the remaining two equations 


ap’ + Bp? + yp + ô= e VP, 
ag’ + Bq + yg +8 =e vQ, 
which two equations may be replaced by the identity 
(a + BE + y0 + 8% — eO ennyn Man Iwn Ip. 


Writing herein 0= any one of the values a, b, c, d, e, f, for instance @=a, and 
taking the square root of each side, we have 


aa’ + Ba’ + ya +8 =V — eVa- e.a —yNa—z.a—-wNa—-p.a—]q, 
or as this may be written 
aa’ + Ba? + ya + 8 =V a — è Ay. Ay. Ass, 
which equation when reduced gives the proportional value of Ass. 


For the reduction we require the value of aa’+ a° +ya +ò: calling this for the 
moment ©, we join to the four equations a fifth equation 


aa’ + Ba? + ya + =Q. 
Eliminating a, 8, y, ô, we find 


a, a, ow, 1, eVX |=0, 
A £6 L eVY 
2, 2, 2, 1, eVZ 
| ws, uP, hae ? eVW 
| a, a, a1, Q 
or, what is the same thing, 

Q| 2, ww, g, 1\+e| VX, æ, æ, aw 1ļ|=0; 
ln nw 2 |F wt wl 
i Aue eS 1 | VZ, T ES Bis 
w, w, w, 1 | vn w, uw, w, 1 

fF, fF & a 


viz. this is 
O.a-y.a-2.0-w.y—z.y—w.2—w=—e {VX .y-z Y-W.Y-4.2—-W.2 —-a.w—a 
+VY .2-w.2 -a.2—-¢.w-a.w-a2.4a-@ 
+VZ .w—-a.w-s.w—y.a -8.a —y.® =y 
l +VW.a-s.a—y.a—-z.£—y.®—z.y-2}, 
ox. 58 
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or as it may be written 


D.0-2.0-wiy—s.y—wa fy 2.y—w.a-y VX —2—2.0—w.a—aN¥] 
$i OEE w—a.w—y.a—wNE-2-0.2-y.a-2.NW}, 


an equation for the determination of ©. 


Consider first the expression which multiplies e«.a—z.a—w; this is 


=p {y-z.y-w.a VX —2—2.0—w.a,VY}; 


we have 


BE, = g- bieihacad. — Vbeekaed), 


12 
and multiplying this by PREA R 
Aas Cn Ds, = Vacıd,asCads, 
we derive 
1 


BE, . o . TER . Á = 6... {Coda VX — ¢,d,a, VY}, 


and similarly two other equations; the system may be written 


BE.O.D.A= 7 [cda VX — cdm VY), 
12 

CE . D B . A = » {d.b, si ia ee d,b, » » ae 

DE. B. C > A 5 {bcs » » — b,c, ”» » l; 


the suffixes on the left-hand side being always 12. The letters b, c, d which enter 
cyclically into these equations are any three of the five letters other than a; the 
remaining two letters e and f enter symmetrically, for BH is a mere abbreviation for 
the double triad BEF.ACD; and the like for CE, and DE. 


Multiplying these equations by 


b—z.b—w C—zZ.c—w d—z.d—w 
bm 6.620 Ee 0.0=)) F=tidssé" 


respectively, and then adding, the right-hand side becomes 


=g- ly-2-y—w.aVX—2—2.0—w.% VY}. 
12 


W riting 
— 1 


b—z.b—w 
big ETE on ae eara a es 
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the left-hand side becomes 
=A 


= er E ES E EP {e—d. Bs? . BE, . . Drs + d— b . C32 . CE . B, . By+ b = 0. D, . DE, . By . Cia}, 
which for shortness may be written 
-—A 
= REE San 5 G ei d . Bx . BE, . Cr . Dat 


the summation referring to the three terms obtained by the cyclical interchange of 
the letters b, c, d. The result thus is 


7 y—2-y—w.aVX -e-z.8-w.m VF] 
12 


5 ee 

c—d.d—b.b—c 

Interchanging 2, y with z, w respectively, we have of course to interchange the suffixes 
1, 2 and 3, 4; we thus find 


Tuad By. AR. Cy. Dy}. 


pw @.w—y.aVZ—2-0.2-y.VW} 
aos eel ae aie ee, Oa; Bad 
o d.d-b.6-0 eal 20 Cas Sas 


and we hence find the value of Q.2-—z.a@—-w.y—z.y—w. But Q, =aa’+ Ba’ + ya + 6, 
is =Va?—e?. An. An. Aw: the resulting equation divides by An. As: throwing out this 
factor, we have 


Va? — è 
€ 


= Åu X {c — d . By? . BEy. Cy. Dy} + An > {c — d . By. BE . Ou. Dy}, 


where, as before, the summations refer to the three terms obtained by the cyclical 
interchange of the letters b, c, d; these being any three of the five letters other 
than a; and the remaining two letters e, f enter into the formula symmetrically. 
The formula gives thus for A, ten values which are of course equal to each other. 


(æ—z.æ—w.y—2z.y—w)(c—d.d—b.b— c)As 


Writing for a each letter in succession, we obtain formulæ for each of the six 
single-letter functions Ay of p and q; and the factor 


Va — è | 
ss aa (z—z.æ—w.y—2z2.y—w) 


is the same in all the formulæ. 


We require further the expressions for the double-letter functions of p, q. Con- 
sidering for example the function DZ,, which is 


= g V dedasi- V destas), 
58—2 
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then multiplying by 
Aw . By . Oa; = VasbsCsAgdoCe, 
we have 
1 = a 
Dig. Aw. Da: Cn = a, fagbeCe VP — a,b,c; VQ}, 
56 
1 


aie a fa—q.b—q.c—q.VP—a—p.b—p.c—p.VQ}, 


[703 


or recollecting that e VP, «VQ are = ap? + Bp? + yp +ò and ag? + Bg? + yq +Ò respectively, 


this is 
ë Diba. Aa tas Cn 
1 


rT Aisi Si at A an a oe a a E 


Using the well-known identity 


ap! + Bp + yp + B= aa + Bat + ya +è. — fc pe p 
+ab + 80+ yb +8. pt Ant 
+a +Be+ye+ò. pa Pa noz ae 
+ ad? + Bd? + yd +3. °— poe le ataf 


and the like expression for agq*+ 8q + yg + ò, there 
terms involving 


aa? + Ba + ya +ò, ab? + Bb +yb+ò, ac +Be+t yeô: 
but the term in ad? + Bd? + yd +è will disappear of itself. 
The term in aa? + a’ + ya +ò is 
1 aa+ßæ+ya+ð , ei i: 
pag Roa eee q.c—q.b—p.c—p.(a-—q.d—p—a—p.d-—gq), 
where the expression in ( ) is =d—a.p—q: hence the term is 


_ aa + Ba? + ya +ò 
a r peg ai ai ee a 
which is 

_ 20 + Ba? + ya +ò 


b—a.c—a Ba’. Cu 


Forming the two other like terms, the equation is 
3 2 
e: DEn. An Ba. Cos = lat 


20 + Bb? + yb +8 
c—b.a—b 


ac? + Be? +yo+S 
+ -——_- --, -_ 
a-—c.b-c 


Bat. Cy 
Og? . Ast 


A,! . Bye. 
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But the expressions 


aa? + Ba? + ya +ò, ab + Bb + yb+ò, act Bo?+yet ò, 
are 


= Va? — e An. Ay. Ase, Næ —e? By. By. Bu, Vat =e Os. C..04, 
respectively: the whole equation thus divides by A,.By.Cy4; throwing out this factor, 


ae i Va — e 
and then multiplying each side by — , we find 
a? — e 1 Va? — e°? 
— oe ig! TP PE E > zl- F =) { b— 6. Ay. Ay. Bog. Ong 


+c-—a. By. By. Cs y. ya 
+a—b. Oa Oe «Arg. Bu}, 
in which formula if we imagine 


see Aw, væ- e Bes “ess Or, 


€ € 


each replaced by its value in terms of the æy- and zw-functions, we have an equation 
of the form 


Va? 


T E-E wzw- wy- z. y- w) DE w= TAAA 


æ—z.&—w.y—z2.y—w 


where M is a given rational and integral function of the 16 and 16 functions 
A,,, AB, and A,, AB, of # and y and of z and w respectively. The factor 


TET 
7 € 


(æ—z.æ—w.y-z.y— w) 


is retained on the left-hand side as being the same factor which enters into the 
equations for Ax, etc.: but on the right-hand side æ—z.æ—w.y—z.y—w should be 
expressed in terms of the æy- and zw-functions. This can be done by means of the 
identity 

| 1, æ+ y, æy || 1, 27+ -y, æy | 


1, z +w, zw 


l 
| 1, z+ w, zw 


a+b, ab||1l,a+ c, ac 


i, 
“2—-z.e—-w.y—z.y—w= ee ere 


where the summation refers to the three terms obtained by the cyclical interchange 
of the letters a, b, c. The first determinant, multiplied by a — b, is in fact 


=| @—-Z.a—W, 4—-“£.a—-y|, 
_b-—z.b-—w, b-a.b—-y 
and the second determinant, multiplied by a —c, is 
=| a—-z.ad—-W, 4—-“#.a—-y |> 


| 
| c—z.c-w, c—-z.c—y | 
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so that the formula may also be written 
a—-Z.a—-w, 4—8.4— y 


b6—2.b—w, b-w.b-y || ¢—s.c—w, 0-0.0 ~y | 


(a—by (a—cy 


a—Z.a—W, A-#£.a—Y¥ | 


L—-Z2.0-W.Y-Z.yY—-wW=d 


or, what is the same thing, it is 


pias. guy Gata aeRO AO 
WP eg aig (a — bY (a — c} 


which is the required expression for «—z.c—w.y—z.y—w; the letters a, b, c, which 
enter into the formula, are any three of the six letters. 


As regards the verification of the identity, observe that it may be written 


(L + M (a + b)+ Nab) (L+ M (a + 0) + Nac} 


&—z.&—-w.y—z.y—-w=}: ming A 


where L, M, N are 
=(æx+y)zw—(z+w)sy, «y—zw, and z+w—a-y: 
this is readily reduced to 
æ-z.æ—w.y—z.y—w=M-— NL, 


which can be at once verified. 


Cambridge, 12th March, 1879. 


I take the opportunity of remarking that, in the double-letter formulæ, the sign 
of the second term is, not as I have in general written it —, but is +, 


AB= ao {v abfe,d,e, + Va,b,f,cde cde}, etc. 


In fact, introducing a factor œ which is a function of æ and y, the odd and even 
-functions are = œ Vaa, etc., and 


© _ (Wabfo,die, + Vab,ficde}, etc., 


n | 


respectively; œ is a function which on the interchange of æ, y changes only its sign; 
and this being so, then when æ and y are interchanged, each single-letter function 
changes its sign, and each double-letter function remains unaltered. 


Cambridge, 29th July, 1879. 
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